
International Journal of Thermal Sciences 48 (2009) 1259–1264
Contents lists available at ScienceDirect

International Journal of Thermal Sciences

www.elsevier.com/locate/ijts

Thermal transport of fluid containing homogeneous microstructures

Debapriya Chakraborty, Suman Chakraborty ∗

Department of Mechanical Engineering, Indian Institute of Technology, Kharagpur 721302, India

a r t i c l e i n f o a b s t r a c t

Article history:
Received 31 July 2008
Received in revised form 5 November 2008
Accepted 8 December 2008
Available online 6 January 2009

Keywords:
Microstructures
Micropolar
Nusselt number
Micro-rotation slip

The present work develops a unified transport model towards investigating the thermal transport for
fluids containing homogeneous and freely rotating internal structures in conduits with dimensions
comparable to the structures present. In the continuum limit, such fluids are modeled using the
micropolar theory. Utilizing a generalized micro-rotation slip boundary condition, closed form expressions
are derived for the Nusselt number variations for thermally fully developed flows. These results provide
valuable physical insights on the implications of the micro-rotation slip parameter and the viscosity ratios
on the convective heat transfer characteristics.
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1. Introduction

Numerous experimental and theoretical studies have been re-
ported in the literature for analyzing the pertinent transport pro-
cesses, it has off late been recognized that the classical Navier–
Stokes (CNS) theory, describing the flow of a homogeneous,
isotropic Newtonian fluid in a continuum, might turn out to be
incomplete [1,2] in predicting the convective flow physics of flu-
ids containing homogeneous or heterogeneous structured particles.
One of the key reasons behind this apparent anomaly lies in the
fact that the micro-rotational effects due to angular motion of
molecules are neglected in the CNS theory, which might turn out
to be of profound importance for analyzing the flows of particle-
laden fluids or polymeric suspensions. In particular, deployment
of the CNS theory with implicit ignorance of the underlying in-
ternal structure of fluid may lead to erroneous conclusions [3–6]
for fluids with characteristic morphological features. For instance,
although in vicinity of the channel centerline the dynamics of flu-
ids containing structured particles may be satisfactorily explained
through the classical Navier–Stokes (CNS) model, the discrepancies
between the actual behavior and the CNS model based predictions
tend to become progressively more ominous as one approaches
towards the walls of the confinement [3–7]. The micropolar fluid
theory, first proposed by Eringen [8–10], has proven to be a good
substitute for such classes of fluids. This approach of modifying
the classical theory is usually implemented by introducing higher
order kinematic variables to impart higher degree of freedom. Mi-
cropolar fluids, containing rigid particles in a small volume, are
capable of rotating about the centre of the volume element, as
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described by a micro-rotation vector. This local rotation of the par-
ticles is considered to be in addition to the usual rigid body motion
of the entire volume element. The laws of classical continuum
mechanics are extended in the micropolar theory with additional
equations, which account for the conservation of micro-inertia mo-
ments and the balance of first stress moments that arise due to
consideration of microstructures in a material. The micropolar fluid
theory, thus, can support couple stresses and body couples, unlike
the CNS model.

Despite the enormous promises offered by the micropolar fluid
theory in analyzing convective transport issues of morphologically
complicated fluids, there have been several bottlenecks against a
consistent use of this theory for solving involved physical problems
in reality. One important reason behind such practical constraints
has been the frequent ill-handling of the additional equation for
angular momentum conservation appearing in the micropolar the-
ory, resulting in intrinsic inabilities of the resultant simplified sets
of equations in capturing new physics and in bringing out valuable
fundamental insights through the simulation predictions. Because
of the non-trivial physical consequences of the additional variables
introduced through the pertinent sets of governing equations, any
prior experience in handling the CNS is not likely to be much help-
ful in this respect in translating and extending simple physical con-
cepts into equivalent mathematical statements. This issue is further
aggravated by a strong sensitivity of the resulting velocity and
temperature profiles on the concerned phenomenological coeffi-
cients, even in the hydrodynamically and thermally fully developed
limits. The most important constraints, in this respect, perhaps
originate from the possible arbitrary, non-generic, and unphysical
imposition of the micro-rotation boundary conditions in order to
close the underlying mathematical model. As an obvious conclu-
sion, there are every reasons to infer that the major complications
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arising with the implementation of the micropolar fluid theory do
not fundamentally originate as a consequence of the complexi-
ties in the transport equations themselves, but may primarily be
attributed to the fact that for a given problem, several combina-
tions of physically acceptable phenomenological coefficients and
boundary conditions are mathematically possible and permissible.
However, each of these combinations is capable of producing so-
lutions that differ markedly from one another. As such, even with
a fixed set of phenomenological coefficients, drastically contrasting
velocity and temperature profiles can result from the application of
slightly different boundary conditions [11]. Such anomalous predic-
tive possibilities, however, have no counterparts in the CNS.

Despite being aware of the non-trivialities associated with the
imposition of micro-rotation wall boundary condition [12], re-
searchers in most cases have made controversial choices of the
same in solving challenging physical problems. For example, many
researchers prefer in specifying the wall micro-rotation parameter
to be either zero or half the vorticity vector [13–18] at the solid
boundaries, which have marginal physical basis and are only cor-
rect for limited physical situations. A generalized treatment in ad-
justing the diverse micro-rotational boundary conditions, so as to
fit a variety of physical phenomena in a single unified framework,
is therefore likely to be one of the key contributions towards the
development of a comprehensive convective heat transfer theory
for a general class of micropolar fluids. Aim of the present study,
accordingly, is to devise a comprehensive convective heat transfer
model for microchannel transport of micropolar fluids, with the aid
of a unified micro-rotation slip boundary condition. The general-
ized proposition, in its asymptotic limits, is designed to be capable
of accommodating all types of physically plausible micro-rotational
boundary conditions within a linearized constitutive framework.
Analytical expressions for the Nusselt number, consistent with this
theory, are derived for constant wall flux boundary conditions, so
as to impart valuable physical insights towards a comprehensive
understanding of the implication of the internally rotating struc-
tures of the micropolar fluids on the effective thermal transport
characteristics.

2. Fundamental model considerations for fluid flow and
generalization of the approach

In micropolar fluids, the rigid particles contained in infinites-
imal volume elements can independently rotate with respect to
the center of the volume element, as quantified by the micro-
rotation vector (ω), in addition to motion of the entire volume
element described by the velocity vector (V). In micropolar fluid
theory, therefore, additional considerations need to be invoked to
account for the conservation of micro-inertia moments and the
first stress moments that arise from the contributions of the in-
ternal microstructure of the fluent medium. Thus, additional kine-
matic variables such as the gyration tensor and the micro-inertia
moment tensor are introduced, and the concepts of body moments,
stress moments, and micro-stresses are embedded in the microp-
olar theory, to arrive at the extended sets of continuum conserva-
tion equations.

For an incompressible fluid with constant material coefficients
and with decoupled fluid flow and energy conservation equations,
as well as with no external body forces or body torques, the equa-
tions for continuity, balance of momentum, and conservation of
micro-inertia moments can be expressed as [8–10]

∇.V = 0 (1)

ρ
DV

Dt
= −∇p − (μ + κ)∇ × ∇ × V + κ∇ × ω (2)

ρ
Dω = (α + η + γ )∇(∇.ω) − γ∇ × ∇ × ω + κ∇ × V − 2κω (3)

Dt
where p is the hydrostatic pressure; μ, κ are the coefficients of
shear and vortex viscosities respectively; α, η, γ are the coupled
viscosities. The governing equations described as above are suitably
non-dimensionalized by employing the following scales: length
scale → Lc (an intrinsic characteristic length scale of flow, taken
to be equal to

√
γ /κ ), velocity scale → U (a characteristic flow

velocity, depending on the specific nature of flow), micro-rotation
scale → U/Lc , and pressure gradient scale → U (μ + κ)/Lc . It may
be noted that the micropolar particles are associated with an in-
trinsic characteristic length scale of Lc , given by Lc ∼ √

γ /κ , which
is typically of the order of few nanometers [19,20]. It may therefore
be inferred that the micropolar theory becomes progressively more
important when the characteristic system length scale tends to be-
come comparable with the order of Lc . Thus, for microchannels
and nanochannels, the implications of considering the micropolar
effects may turn out to be immensely critical towards an accurate
prediction of the underlying thermo-fluidic transport characteris-
tics. However, for larger-sized systems (typically, the systems for
which these two length scales are disparate by an order of 104 or
more), predictions from the micropolar theory and the CNS model
tend to converge on one another, except for regions infinitesimally
close to the channel walls.

One may simplify the above governing equations further by
utilizing the fact that microchannel flows are typically associated
with low Reynolds numbers, so that under steady state conditions
Eqs. (1)–(3) can be re-written as

−∇p + ∇2V + κ

μ + κ
∇ × ω = 0 (4)

∇2ω + κ

γ
L2

c (∇ × V − 2ω) = 0 (5)

Eqs. (4), (5) can be simplified further for a two-dimensional,
fully developed microchannel flow, for which one may write V =
(u(y),0,0) and ω = (0,0,ω(y)). Solution of the resultant coupled
set of simplified governing equations requires four independent
boundary conditions to be specified, with one half of the mi-
crochannel being considered as the problem domain. Two bound-
ary conditions on velocity are relatively straight forward and triv-
ial, in this respect. Further, the value of ω at the channel centreline
can be taken as zero, because of a skew-symmetric nature of the
micro-rotation tensor. However, the fourth boundary condition, de-
scribing the micro-rotation at the channel walls, cannot be trivially
imposed without invoking further considerations. Diverse versions
of this fourth boundary condition have routinely been proposed
in literature [11,12,21,22], which are applicable only under restric-
tive constraints. For example, ω = 0 at the walls represents only
a special case of concentrated particle flows, in which the micro-
elements close to the wall surface are unable to rotate. Another
type of micro-rotation wall boundary condition that has been com-
monly employed is of the form [17,21] ω|wall = n ∂u

∂ y |wall, where n
is an index that lies between 0 and 1. One possible argument in fa-
vor of this boundary condition is the fact that in the neighborhood
of the wall, the only rotation is due to fluid shear and therefore
the gyration vector must be equal to fluid vorticity, which char-
acterizes weak concentrations. However, it is worth noting that
n = 1

2 indicates the vanishing of anti-symmetrical part of the stress
tensor hence the necessity of higher order modeling can be ques-
tioned. Alternatively, the value of the couple stress at the wall, in
form of the normal gradient of ω, may also be specified. Such di-
verse and restrictive options of the micro-rotation wall boundary
condition make it an immensely difficult and challenging proposi-
tion to arrive at a generic transport model for micropolar fluids,
with an inherent capability of mimicking a wide variety of near-
wall considerations in a unified mathematical framework.

In order to overcome the above constraint, a generalized micro-
rotation slip boundary condition is adopted in this work, with
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regard to the variation of ω at the microchannel walls. With this
consideration, the complete set of boundary conditions can be de-
scribed as

u = 0 at the walls (y = ±1) (6)

du/dy = 0 at the centreline (y = 0) (7)

ω = 0 at the centreline (y = 0) (8)

ω|w = β
dω

dy

∣∣∣∣
w

(9)

where β is the non-dimensional coefficient representing the mi-
cro-rotation slip length and subscript w denoting walls. For pre-
scribing the velocity boundary condition at the walls, a no-slip
boundary condition is assumed here for simplicity, with an under-
standing that more general considerations (such as apparent veloc-
ity slip due to hydrophobic interactions) can elegantly be accom-
modated by introducing a velocity slip coefficient or slip length,
without disturbing the other generic aspects of the model formu-
lation. Generalization of the velocity boundary condition, not being
an objective of the present study and being extensively discussed
in the reported literature, is not considered here. Rather, specific
attention is focused in this study towards the generalization of the
micro-rotation wall boundary condition in an effort to encapsulate
all possible physical considerations in the underlying mathematical
framework, and its consequent manifestation in the heat transfer
characteristics. It is important to mention in this context that the
no slip condition as given in Eq. (6) for a structured fluid ensures
the following parameters to be zero at the stationary wall: (a) the
velocity of the bulk fluid and (b) an intrinsic velocity of a part of a
structure induced by its micro-rotation. Although the intrinsic ve-
locity does not occur in any of the differential equations governing
the mathematical theory of structured fluids, the micro-rotation
occurs to be an important variable appearing in these equations.
It has been classically hypothesized that the intrinsic velocity may
be obtained from the micro-rotation through kinematic constitu-
tive equations and an intrinsic displacement vector. Since these
equations are linear and homogeneous at the boundary, it follows
that if the micro-rotation vanishes at a boundary then the intrin-
sic velocity vanishes, too. However, there is no physical reasoning
to substantiate that the converse is also true. Thus, the imposition
of the no-slip boundary condition at the walls for the velocity of
the bulk fluid mentioned as above does not constrain the micro-
rotations to be zero at the wall.

One significant mathematical motivation towards adopting the
generic form of the micro-rotation wall boundary condition given
by Eq. (9) in that respect is that it is essentially of mixed type, and
thereby can be asymptotically adjusted to Dirichlet and Neumann
type of boundary conditions in appropriate physical limits. Eq. (9)
also takes into consideration that because of a deviation from an
ideally ‘concentrated’ state, the value of ω at the wall may devi-
ate from zero. The extent of this deviation, in a linear constitutive
framework, is represented by the micro-rotation slip parameter β ,
which physically represents a characteristic non-dimensional dis-
tance over which the near-wall gradients in ω are estimated to be
operative. Zero couple stress at the wall represents a limiting case
of this situation, for which the above length scale tends to infinity
so as to render a finite value of ω at the microchannel walls. β can
take positive as well as negative values depending on the sense of
micro-rotation gradient at the wall.

Based on the boundary conditions given by Eqs. (6)–(9), closed
form expressions for the velocity and the micro-rotation parame-
ters can be obtained as

ω(y) = (1 − β) sinh(N y) 1
2

− y
2

(10)

sinh(N) − βN cosh(N) N N
u(y) = (1 − y2)

N2
+ κ

2μ + κ

(1 − β)

N[sinh(N) − βN cosh(N)]
× [

cosh(N y) − cosh(N)
]

(11)

where N = √
(2μ + κ)/(μ + κ). Eq. (11), in a special case, mimics

the classical Poiseullean velocity profile in absence of any micro-
rotational effects, as derived by imposing κ = 0 (equivalently, N =√

2).
The value of the micro-rotation slip coefficient, β , specific to a

given physical situation, can be obtained in principle by execut-
ing molecular dynamics calculations for a reduced flow domain
in the form of a wall-adjacent layer of length scale Lc , and con-
ceptualizing the flow occurring across the same to be equivalent
to a local-scale Couette–Poiseuille flow close to the channel walls
[23]. This is in accordance with the physical consideration that
fluid flow over the solid walls can be conceived as an equivalent
local-scale combined shear- and pressure-driven flow between two
confining boundaries separated by a narrow gap of Lc , with the
bottom boundary being at rest and top boundary translating with
an arbitrary non-dimensionalized velocity, u0. To the extent that
the wall-adjacent fluid layer is adequately resolved, u0 here may
act as a free parameter that can be tuned with the help of local-
scale molecular dynamics simulation predictions.

It is important to recognize here that the micro-rotation slip pa-
rameter, β , acts as one of the most significant factors in dictating
the transport phenomena within the microchannel. By referring
to extensive simulation studies on combined shear- and pressure-
driven flows (Couette–Poiseuille flows) [23] in which the bottom
plate is at rest and the top plate moves with a uniform axial ve-
locity u0, it is interesting to observe that the cases with different
values of β follow a kind of universal trend, which can be mathe-
matically expressed as

β − β0 = χ

(∣∣∣∣dω

dy

∣∣∣∣
w

)−1

(12)

where χ = 0.5u0 + 0.036255 and β0 represents an appropriate
shift parameter which can be represented as a function of u0 as

β0 = −1.174u2
o + 0.1341u0 − 0.002824

u2
0 − 0.1588u0 + 0.006256

(13)

A motivation of introducing the parameter u0 here lies in the
fact that the micropolar considerations for microchannel flows are
likely to become significant only in a wall-adjacent layer of length
scale Lc , within which the flow can locally be modeled as a com-
bined pressure- and shear-driven one, as mentioned earlier. With
molecular dynamics simulations resolving only up to that length
scale, the value of u0 solely takes the burden of transmitting
the consequences of the micro-rotational effects from the wall-
adjacent layers to the outer layers, without necessitating any reso-
lution of the remaining portion of the domain upto the molecular
scales. This, in turn, can completely prescribe the micro-rotation
wall boundary condition as per Eq. (12) without any ambiguity,
through the pertinent micro-rotation slip parameter. A standard-
ization of this computationally efficient multi-scale approach is
detailed in [23], and is not repeated here for the sake of brevity.

A comparison between the velocity profiles obtained from using
Eq. (11) and the predictions from the CNS theory is demonstrated
in Fig. 1, for β = −3,−1,0,1,3. Since the boundary condition con-
strains the values of u to be zero at walls, there is no difference
in the velocity profiles predicted by the two theories at the walls.
However, it can be observed that the micro-rotation effects en-
hance the linear velocities for all values of the slip parameter, β .
Further, it is interesting to note that the maximum volume flow
rate is obtained for β = 0. This can be attributed to the maximum
possible strength of the micro-rotation gradient that locally pre-
vails in the wall-adjacent layer under these conditions, which can
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Fig. 1. Profiles of u vs. y using classical theory and micropolar theory with κ/μ = 3
and β = −3,−1,0,1,3.

Fig. 2. Profiles of ω vs. y for different values of κ/μ and β = −0.5.

efficiently impart kinetic energies into the outer flow in the most
effective manner. Because of the anti-symmetries in the values of
ω over the two geometrically similar half spaces constituting the
microchannel, it is primarily the magnitude of β and not its sign
that dictates the velocity profiles and flow directions, as evident
from Fig. 1.

A typical fully developed profile for micro-rotation is depicted
in Fig. 2, with varying κ

μ , for β = −0.5. It can be observed that the
profile is anti-symmetric about the centreline. Although ω assumes
non-zero values at the walls in general, special cases of strong con-
centrations or strong adherences to the wall can also be handled
by the theory, by setting β = 0.

3. Thermal transport

The governing differential equation for energy conservation at
steady state, under the simplified assumptions of constant physical
properties with negligible viscous dissipation effects, can be stated
as

u
∂T

∂x
+ v

∂T

∂ y
= α

(
∂2T

∂x2
+ ∂2T

∂ y2

)
(14)

where T is the temperature, and α is the thermal diffusivity. Fur-
ther simplifications in Eq. (14) can be made by imposing specific
boundary conditions at the channel walls. Here, we consider the
constant wall heat flux (qw) boundary condition, which in con-
junction with a thermally fully developed constraint [24] yields

∂T

∂x
= dTm

dx
= dT w

dx
= constant (15)

where T w is the wall temperature and Tm is the bulk mean flow
temperature.

Using the velocity distribution given by Eq. (11), the tempera-
ture distribution for the constant heat flux boundary condition can
be obtained as

T = T w + Pe
dTm

dx

[
1

N2

(
y2

2
− y4

4
− 5

12

)

+ B

{
cosh(N y)

N2
−

(
y2

2
− 1

N2
+ 1

2

)
× cosh(N)

}]
(16)

where

B = (1 − β)(−2 1−N2

2−N2 + 1
)
N[sinh(N) − βN cosh(N)]

(17)

In Eq. (16), Pe is the thermal Peclet number of flow. Again, the
special cases for standard fluids can be retrieved from Eq. (16), by
setting κ = 0 (i.e., N = √

2), which recovers the classical theory
based standard heat transfer predictions for thermally fully devel-
oped internal flows.

Further, by utilizing the following definition of Tm:

Tm =
∫ +1
−1 uT dA∫ +1
−1 u dA

(18)

Eq. (16) yields

Tm = T w + A
dTm

dx

Pe

2uav
(19)

where the parameter A can be expressed as

A = − 1

315N7

[−315B2 N5 + {84BN5 − 420B2N7 − 2520BN} cosh(N)

+ 2520B sinh(N) + {315B2 N4 + 630B2N6} cosh(N) sinh(N)

+ 136N3] (20)

and uav is the average velocity calculated from Eq. (11), and is
given by

uav = 2

3N2
+ B

N

[
sinh(N) − N cosh(N)

]
(21)

The temperature can be non-dimensionalized in the form of

θ = T − T w

Tm − T w
(22)

Utilizing the wall boundary condition:

−k
dT

dy

∣∣∣∣
y=1

= h(Tm − T w) (23)

the expression for the Nusselt number (Nu) can be obtained from
the basic definition Nu = hD

k (D being the hydraulic diameter of
the channel) as

Nu = dθ

dy

∣∣∣∣
y=1

= 8uav
2/3N2 + B

( sinh(N)
N − cosh(N)

)
A

(24)

It is important to observe here that the Nusselt number varia-
tion depends on two important micropolar parameters, namely, N
(a function of κ

μ ) and β . The variation of Nu with changes in the
parameter N is plotted in Fig. 3. It can be observed that for κ = 0
(i.e., N = √

2) the value of Nu = 8.2353, which matches exactly
with the value obtained from the classical heat transfer theory. In
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Fig. 3. Variation of the Nusselt number with the parameter N with β = −0.5796
(a value consistent with the outcome of molecular dynamics simulations [23] of a
benchmark problem).

Fig. 4. Variation of Nu vs. β with N = 1.2910 corresponding to κ/μ = 0.5.

general, the variation of Nu can be observed to be a function of
the rheological constants of the fluid. When the ratio between the
viscosity coefficient and the shear viscosity coefficient increases,
the parameter N also increases and the Nu tends to decrease. The
shear viscosity effects, thus, tend to aid the convective heat trans-
fer, by interacting with the micro-rotational elements, so that heat
can efficiently get transmitted from one representative elemental
volume of fluid to another.

The variations in the Nu with the parameter β are depicted in
Fig. 4. It can be observed from the figure that the Nu tends to in-
crease with increases in the value of β . This is in accordance with
the augmentations in the convective flow velocities with enhance-
ments in magnitude of the parameter β , as evident from Fig. 1,
corresponding to its non-zero values. With higher values of β , the
wall-adjacent micro-rotational elements transport thermal energy
more efficiently from the walls into the bulk of the fluid, as aided
by the combined effects of conduction and advection. With high
values of β , however, a limiting asymptotic state is also reached,
which represents the physical situation corresponding to vanish-
ingly small couple stress values close to the walls. Such non-trivial
and diverse physical implications may become important in pre-
dicting the convective heat transfer characteristics for the fluids
whose characteristic dimension of internal structures, Lc , is com-
parable to the characteristic length scales of flow.
4. Conclusions

In the present work, the micropolar fluid theory has been ex-
plored to analyze the convective transport features of flows with
homogeneous rotating internal structures. Towards achieving this
objective, a generalized micro-rotation boundary condition has
been considered at the microchannel walls, as expressed in the
form of a micro-rotation slip parameter. This approach provides
a sound basis for modeling rheologically complex flows through
small channels in a mathematically unified framework, instead of
using complicated and restricted empirical relationships for the
constitutive modeling. As such, the effective generalization of the
micro-rotation slip condition offers with an excellent flexibility of
representing the underlined flow physics with simple linearized
constitutive relationships for the couple stresses. Convective heat
transfer analysis is subsequently carried out, based on this generic
proposition. It is demonstrated that the internal variables influence
the temperature variations in a micropolar fluid to a rather sig-
nificant extent. The Nusselt number variation is also obtained as
a closed form solution, for thermally fully developed flows with
constant wall heat fluxes. It is inferred that the ratio between
the vortex viscosity coefficient and the shear viscosity coefficient,
along with the micro-rotation slip parameter, bear profound con-
sequences with regard to their implications on the microchannel
heat transfer rates, and can possibly be exploited to devise novel
heat transfer augmentation strategies in systems of microscopic
length scales.
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